The Frobenius number of vector a, whose components a s are natural numbers (having no common divisor greater than 1), is the minimal integer N (a) which is representable as a sum of the components a s with nonnegative multiplicities, together with all the greater integers (like for N (4, 5) = 12).
Weak asymptotics
The Frobenius number N (a 1 , . . . , a n ) of n natural numbers a s (having no common divisor, greater than 1) is the minimal integer, such that itself and all the greater integers are representable as linear combinations (1) l = x 1 a 1 + · · · + x n a n with nonnegative integer coefficients x s ≥ 0. The combinations (1) form an additive semigroup generated by the integers (a 1 , . . . , a n ). J. Sylvester [1] proved, that N (a, b) = (a − 1)(b − 1), but there is no formula for n > 2, even for N (a, b, c), that is for semigroups with 3 generators.
I have proved [2] , that the growth rate of N (a) (a is the vector, whose components are a 1 , . . . , a n ) with σ = a 1 + · · · + a n is at least σ 1+ 1 n−1 and at most σ 2 (for fixed direction vector α = a/σ(a), the constants of the inequalities depending peculiarly on the direction vector, α).
For n = 3, both the lower bound σ 3/2 and the upper bound σ 2 are attained for some (different) directions, discussed in [3] .
The resonances (like a 1 = a 2 or a 3 = a 1 + 2a 2 ) make the value N (a) higher, and we shall discuss below the behaviour of the means N (averaging N (a) along all the directions of vector a).
The conjecture, that the growth rate of the means should be (2) N ∼ Cσ
formulated in [2] , was based rather on some physical arguments, than on a rigorous mathematical proof. The present paper describes the numerical results of some computer experiments, confirming (at least partially) these physical reasoning's conclusions.
The main conjecture of [2] is some selfsimilarity law for the average masses distribution of the values N (a) along the large simplexes a 1 + · · · + a n = σ (with growing values of σ).
Roughly speaking, the distribution of the Frobenius numbers has in this conjecture the form (3) dN = f (σ)ρ(α)dα.
Here the "mass" dN represents the sum of the Frobenius numbers N (a) for the vectors a = σα belonging to the "increment of α" part of the n-1-dimensional simplex of the directions (the large number σ being fixed). The differential equality (3) means the weak asymptotics (in terms of [2] ), that is the closeness to 1 of the ratio of the sum dN of the values of N along σdα to the product in the right hand part of (3) (provided that the n-1-volume dα of the corresponding part of the directions space is not too small).
One might suppose the increment of α to be a fixed part of the directions simplex, considering the asymptotical validity of the relation (3) for σ → ∞. But probably it is also possible to interpret the part αdα as being the neighbourhood U (σ) of vector a in the simplex {a 1 +· · ·+a n = σ a s > 0} which neighbourhood's radius r(σ) might be small with respect to σ (probably one might take even r(σ) =const or r(σ) = √ σ). Relation (3) signifies, that the ratio of the left hand side and the right hand side of equation (3) tends to 1 for σ → ∞ (for the first or in the second interpretation of the "part σdσ"). These conjectures (3) are still unproved, but the numerical data below (providing the empirical masses densities ρ(α) for σ = 41, 97 and 199) look as some confirmation of their convergence for σ → ∞ to an universal (scales independent) distribution ρ(α)dα along the directions simplex, which distribution would not depend on the scale σ.
The empirical growth rate of the mean value, defined as (4) N (σ) = (where a s > 0), looks to be of order σ p . The empirical value of parametre p declines from approximately 2 (at σ of order 50) to approximately 1, 6 (at σ of order 200). The behaviour is some kind of (incomplete) confirmation for n = 3 of the asymptotical conjecture
of paper [2] . In terms of the selfsimilarity relation (3) the asymptotical behaviour (5) would mean, that f (σ) = Cσ 1+ 1 n−1 (for the normalized masses density ρ(α) along the simplex of the directions:
Values of Frobenius numbers N (a, b, c) for semigroups with 3 generators
The tables of these numbers for a + b + c = σ = 7, 19 and 41 are presented in [3] (for σ = 41 the table consists of (σ − 1)(σ − 2)/2 = 780 numbers N (a, b, c), forming an equilateral triangle, shown in the article [3] ).
The algorithm of fast calculation of the Frobenius numbers, based on their relations to the continued fractions (or to higher-dimensional continued fractions) is explained in [3] , §7. The tables below provide all the 4560 values for σ = 97. The Frobenius number N being a symmetrical function of the arguments (a, b, c), only the arguments values a ≤ b ≤ c are usually presented in the tables explicitly (we provide slightly more values).
The reader might take pleasure to observe the resonant augmentations for, say, a = b, a = 2b, c = a + 2b.
I chose the prime values of σ for the tables, to avoid the possibility of the common divisors, greater than 1 (which presence would make the Frobenius numbers undefined at the corresponding point (a, b, c), replacing the simplex of the directions by its subset with holes).
Part a = 1: In this case N (a, b, c) = 0. Part a = 2: One easily computes the values
Part a = 3: The continued fractions calculations, like in §7 of article [3] , lead for σ = 97 to the strange list this  table. The table is , essentially, the formulation of a theorem, that I have proved by the method described in the article [3] , §7. b ↑  30 0 64 126 90 244 300 174 142 168 504 170 294 192 206 714 b=2a   29 0 28 56  84 112 86 110 140 139 252 163 188 336 190 198  28 0 66 54 192 88 114 366 204 132 162 160 216 324 702 258  27 0 26 132 78 104 150 156 182 480 234 194 186 156 338 204  26 0 68 50  90 100 112 122 134 200 156 162 166 684 174 350  25 0 24 48  72 264 120 109 168 192 264 240 264 172 186 264   24 0 70 138 204 92 330 138 448 168 150 138 660 180 190 The preceding tables provide all the Frobenius numbers N (a, b, c), for which σ = a+b+c = 97. The sum of these numbers equals 909930. The triangle {a + b + c = 97, a > 0, b > 0, c > 0} contains σ − 2 = 95 integer points on its side (from (1, 1, 95) to (1, 95, 1) along the side a = 1). Therefore, the number of the integer points of this simplex is
(for σ = 97). Thus, the mean value of the Frobenius numbers N (a, b, c) along this triangle (σ = 97) equals
Remark. The mean value along the symmetry axes of the triangle is higher. Each of the 3 axes consists of 48 = (σ − 1)/2 integer points (shown in the table by the bold numbers) and we get the mean at these points to be
which is approximately 3,6 times higher, than N (97).
The mean values for the asymmetrical case, a < b < c is, therefore, smaller, than N . We get from the preceding numbers the asymmetrical part mean value Its difference with the total mean value N is therefore approximately 8, 5% of this last mean value.
We conclude that, while the resonances (like a = b) increase the values of the Frobenius numbers, their statistical contributions to the global mean value N provide (for σ = 97) only a small increment of this mean value (its smallness is due to the infrequency of the resonances as we shall show later).
We shall compare now these empirical studies of the case σ = 97 with the similar studies for some other scale's values (σ = 41 and σ = 199).
The table of the Frobenius numbers for σ = 41 is published in [3] , and we shall use these values. For σ = 199 the table has been calculated for me by A.Goder, using a computer, and we shall use his statistics to compare it with the preceding cases. The empirical results for σ = 41, 97 and 199 are summarized in the table below, representing the following 7 quantities:
(our prime number σ being not divisible by 3, the 3 symmetry axes are disjoint).
Dividing these quantities, we define the 3 mean values,
The resulting Conjecturing the asymptotical behaviour N (σ) ∼ Cσ p (for large scale values σ), we take the empirical approximations to p from the values N (σ i ) and N (σ j ). This approximation is, like in Kolmogorov's turbulence theory, the bilogarithmical graph's direction,
Choosing σ 1 = 41, σ 2 = 97, σ 3 = 199, we deduce from the lines σ andN (σ) of the preceding table the following values (9):
We conclude, that the inclination p defined by formula (9) is declining, while σ is growing, approximately from p ≈ 2 (at σ ≈ 50) to p ≈ 1, 6 (at σ ≈ 200). Its belonging to the interval
2 ) < p < 2 is consistent with the upper and lower bound for the fixed direction α, proven in [3] , and its diminishing for for larger σ confirms the possibility of the asymptotical behavior p → 1 + This diminishing is accompanied by the declining of the relative influence r of the symmetric part of the mean value, which is measured by the number These values suggest, that the behaviour of the mean value N (σ) for larger values of σ is defined rather by the contributions of the nonresonant directions α (where one expects the growth rate of N (σα) to be of order σ
2 ), than by the resonant directions neighbourhoods contribution (where N (σα) reaches the pathologically high values of order σ 2 ).
Of course, this confirmation of the conjecture of paper [2] , that N (σ) grows like σ 3/2 for the large scales σ, is not a proof, but we shall see below other confirmations of the selfsimilarity law (3) of §1 (on which the conjectures of paper [2] were based).
It would be interesting to guess the asymptotical behaviour of the quantities L(σ)
Selfsimilarity verification of the masses distribution of the Frobenius numbers along the simplex of the argument vectors directions
To check the validity of the selfsimilarity relation (3) of §1 empirically, I calculated the masses distribution along S of the total sum Σ(σ) of the Frobenius numbers N (q) at all the points q = σα of the simplex σS, parametrized by the standard simplex
This empirical study was done as in §3, for the cases σ = 41, 97 and 199, n = 3.
To represent these (averaged) masses distributions, I subdivided the simplex S into m 2 standard parts. The part number (k, l) in the simplex σS consists of the points σα = (a, b, c), for which kd < a < (k + 1)d, ld < b < (l + 1)d,
The boundaries contain no integer points, when σ is a prime number (as in our case). The masses distributions, described below, correspond to the choices d = 20, d = 10 and d = 5. Thus, for the scale value σ = 97 the smaller cells C k,l (d = 20) are provided by the inequalities (0 < a < 4, 85), (4, 85 < a < 9, 70), (9, 70 < a < 14, 55) and so on, and similarly for b. Therefore, say, the cell C 1,2 contains the 25 integer points, for which a ∈ {5, 6, 7, 8, 9}, b ∈ {10, 11, 12, 13, 14}.
Next I calculated the sum of the Frobenius numbers, for each cell,
where a + b + c = σ. The matrices of m 2 elements Σ k,l (σ) are shown below (for m = 20), taking σ = 41, 97 and 199. To compare the masses distributions, we normalize the total mass to be 1, replacing the integers Σ k,l (σ) by the ratios ρ k,l (σ) = Σ k,l (σ)/Σ(σ). The fraction ρ k,l represents the fraction of the whole distribution of the mass of the Frobenius numbers (along the simplex σS), supported by the cell C k,l of S.
The selfsimilarity conjecture suggests the convergence of the empirical distributions ρ k,l (σ) to some scale σ-independent distribution ρ k,l (∞) for σ → ∞. The resulting matrices ρ ′ k ′ ,l ′ (σ) (of order 10 × 10) of the larger cells masses distributions are then compared for different values of σ, showing the probable convergence of these masses distributions ρ ′ to some scale independent limit ρ ′ (σ = ∞).
This convergence is even more visible if we make the cells larger, gluing them once more, (replacing the initial value d = 20 by d ′′ = 5). Adding the 4 neighbouring elements of the matrix ρ ′ (σ), one obtains the new matrix ρ ′′ (σ) (of d ′′ × d ′′ = 5 × 5 elements).
These small matrices ρ ′′ (σ) are easily comparable for different values of σ.
They are almost equal all three already for σ = 41, 97 and 199. The empirical "convergence" for σ → ∞ to a scale-independent masses distribution is even more evident for the one-dimensional projections ρ ′′′ of the distributions ρ ′′
I hope, that similar convergences would be observed for any fixed choice of the parametre m (defining the cell scale d = σ/m), provided that the value σ will be sufficiently large.
We start from the matrix of the integers Σ k,l (σ = 97), (which are the sums of the Frobenius numbers in each cell). The tables of §2 provide the following elements Σ k,l (the horizontal coordinate being k = 0, 1, . . . , the vertical coordinate being l = 0, 1, . . . , we write only the k < 10 elements of this symmetric 20 × 20 matrix): Dividing the elements of this matrix by their sum Σ(97) = 909930, we obtain the matrix with elements ρ k,l (97), representing the normalized distribution of the total mass 1 among the 400 cells (0 ≤ k < 20, 0 ≤ l < 20). The distributions, described by the matrices ρ k,l (σ), are already (empirically) converging for σ → ∞ to an universal limit independent of the scale σ. For σ = 97 we get the following values ρ k,l (97) (voids meaning zeros). The table provides Comparing these three masses distributions, one observes that, while σ is growing, the distribution becomes rather more uniform: the smallest parts ρ ′′ k ′′ ,l ′′ are growing, and the largest parts are loosing some part of the mass, when the size σ grows. This might be considered as one more confirmation of the idea, that the resonant pathologically fast growth rates of order σ 2 influence the averaged behaviour less, when σ becomes larger.
These arguments suggest, that the conjecture of paper [2] , that the averaged Frobenius number N grows with σ like σ The differences between the three cases are so small, that one is tempted to consider the masses distribution ρ ′′′ (199) to be a reasonable approximation for the limiting distribution (at σ → ∞).
However there is no rigorous proof even for the existence of this limiting distribution. One might think, that the selfsimilar asymptotics occurs only for the averaged distributions, whose cells are not too small (say, are larger, than σ w , like √ σ). The weak asymptotical behaviour had been defined above (in §1) for the averages along any fixed partition of the directions simplex {α}, as the limiting property (3) for σ → ∞. Our empirical results, described above, are not contradicting this conjecture, but the possibility of the weaker convergence, forbidding too small cells, should not be overlooked.
The tables for the distributions ρ ′′ at σ = 41 and at σ = 199, presented above, are based on the explicit calculations of the sums of the Frobenius numbers in the cells of the directions simplex (similar to those, presented for σ = 97 in §2 above).
For σ = 41 these sums were obtained from the tables of the Frobenius numbers of paper [3] . The corresponding matrices of the masses distributions ρ(41) and ρ ′ (41) are presented below. The mass ρ k,l of the distribution ρ(41) in the cell number (k, l) is shown in promilies, for 0 ≤ k ≤ 10, 0 ≤ l ≤ 20 (the first entry 1,09 below means ρ 0,0 (41) = 0, 00109). The comparison of this table with that on page 13 (corresponding to σ = 97) shows a lot of similarities and might suggest a correct idea on the convergence rate at σ → ∞ of the masses distributions ρ(σ).
Adding the four masses of the four cells of size σ/20, forming one (σ/10)-cell (shown by the double lines in the preceding matrix), one gets from ρ(σ) the masses distribution ρ ′ (σ).
The mass ρ ′ k ′ ,l ′ (41) in the (σ/10)-cell number (k ′ , l ′ ) is shown (in promilies) in the following 10 × 10 matrix ρ ′′ (41) (containing 55 nonzero masses): The proportionality coefficient was chosen, as in these cases, to normalize the total mass to be 1 (that is, the sum of the Frobenius numbers of the integer points in the cell is divided by the sum Σ(199) of all the Frobenius numbers N (a, b, c) for a + b + c = 199, equal to 12975216).
As usually, the matrix with elements ρ k,l is represented below in promilies (the entry 0,21 means ρ 0,19 = 0, 00021) by the normalized mass of the cell (k, l). The voids mean zeros. The part 0 ≤ k < 10, 0 ≤ l < 20 of the matrix ρ(199) has the form: To calculate the averaged masses distribution ρ ′ (199), one unifies 4 cells (of size σ/20), shown by the double lines in the preceding table, into one larger cell (of size σ/10). Adding the masses of the 4 smaller cells, one gets the mass ρ ′ (199) of the larger cell (number (k ′ , l ′ )). The resulting 10 × 10-matrix (0 ≤ k ′ < 10, 0 ≤ l ′ < 10) is shown in the following table (representing the masses ρ ′ k ′ ,l ′ (199) in promilies of the total mass 1, i.e., denoting ρ ′ k ′ ,l ′ = 0, 001 by the entry 1). As usually, the number of the nonvoid (σ/10)-cells is 55. The preceding tables show, that the relative population of the places (a, b, c) , where the Frobenius number N (a, b, c) is unusually high, is rather declining, when σ = a + b + c grows.
These unusually high Frobenius numbers occur mainly at the resonant places and nearby, for instance at the symmetry axes of the triangle a + b + c = σ, and it seems, that these places and especially their contributions to the mean value of Frobenius numbers are diminishing, when the parametre σ is growing.
To measure these effects, I calculated the population distributions g(σ) and the masses distributions h(σ) (shown below for σ = 41, 97 and 199).
For the population statistics of the Frobenius numbers I subdivided the range of the values of N for a given σ into the intervals For σ = 199 I have only counted those 600 occurrences, for which 50 < a ≤ 60 and 0 < b ≤ 60. This choice is perhaps representing insufficiently the domain, where both a and b are small, and this misrepresentation might explain the smallness of the 12% (where k = 0 for σ = 199) with respect to 29% and 27% for σ = 41 and 97. It would be interesting to calculate the true distribution {g k (199)}.
Calling the Frobenius number N (a, b, c) unusually high, when it is more that two times larger, than the mean value N (a, b, c) > 2 N (a + b + c) (which happens for k ≥ 4), the preceding table provides the following populations G of the unusual numbers (in percents): G(σ) 10 8 10,4
The greatness of the percent of the unusually high Frobenius numbers for σ = 199 might be explained by the choice of the subdomain, used to calculate the statistics in this case: I would conjecture, that for the true distribution {g k } G(σ) → 0 for σ → ∞.
The population distribution {g k } along the ranges k of the Frobenius numbers does not coincide with the resulting masses distribution h.
For each column k the number h(σ) means the percent of the sum of the Frobenius numbers of range ( * ) in the total sum of all Frobenius numbers N (a, b, c) with a + b + c = σ.
These numbers h σ at different columns (for a given value of the parametre σ) are essentially related to the populations statistics as the products (k + The smallness of the value h 0 (199) = 2, 5% and the greatness of the value h 2 (199) = 41% might be explained by the choice of the representative domain to calculate the statistics, for σ = 199, and it would be interesting to know the true values (taking into account all the 19503 points, where a + b + c = 199, rather than the 600 points of my statistics).
The masses H of the high Frobenius numbers, provided by the preceding table, are calculated by the summation of the masses h k for k ≥ 4: σ 41 97 199 H(σ) 27 25 29,5
The greatness of H(199) might be explained by the underrepresentation of the small Frobenius numbers points, and I would expect the declining of H(σ) to zero for σ → ∞. It would be interesting to evaluate the rate of this diminishing of H, at least empirically, for σ → ∞.
Both the population statistics g and the mass statistics h (along the ranges of the corresponding values with respect to the arithmetical means, multiplied by k + Taking into account the incompleteness of the statistics for σ = 199, we see in any case one more confirmation of the convergence of the distributions ρ(σ) for σ → ∞ to an universal (scale independent) distribution.
The corresponding evaluations of the large Frobenius numbers' populations and masses (which one obtains summing the numbersḡ k (σ) andh k (σ) over k ≥ 4) provide the cells' distributions "tails" populations G(σ) and masses H(σ) to be: We see, that the tails of the averaged distributions ρ(σ) are smaller, than for the initial distribution of the Frobenius numbers, N , (both for the populations' statistics G and for the masses' statistics H).
I would conjecture, that for σ → ∞ both G(σ) and H(σ) tend to zero. But the present empirical data are insufficient for the guess of the rates of the diminishing of G(σ) and of H(σ) for σ → ∞.
If these tails' asymptotical vanishing conjectures were true, they would confirm the disregarding of the (existent, but infrequent) pathologically high Frobenius numbers N in the evaluation of the large σ behaviour of the mean value N (σ) of the Frobenius numbers for the simplex a 1 + · · · + a n = σ. This disregarding of the pathologically high values of the fluctuations would lead to the prediction of paper [2] N (σ) ∼ Cσ 
